ABSTRACT. We define a class of metrics that extend the Sasaki metric of a tangent manifold of a Riemannian manifold. The new metrics are obtained by the transfer of the generalized (pseudo-)Riemannian metrics of the pullback
Introduction
We use the typical notation of differential geometry, e.g., Γ for spaces of global cross sections of bundles, χ for the space of vector fields, Ω for spaces of differential forms, etc. Everything will be C ∞ -smooth, except along the zero section of a vector bundle, where continuity may suffice. We assume that the reader is familiar with the geometry of a tangent manifold (everything needed below may be found in [13] ). We also assume that the reader is familiar with Lie and Courant algebroids [6] and with generalized structures [5] . Subsection 2.1 contains preliminaries on tangent manifolds T M (by T M we mean the total space of the tangent bundle π : T M → M of the manifold M ) including Bott connections, tangent metrics and the definition of various identification isomorphisms between vector bundles over T M . In Subsection 2.2 the basic results concerning generalized metrics and structures are transposed from the big tangent bundle TM = T M ⊕ T * M to the pullback bundle π −1 (TM ). In Subsection 3.1 we define the generalized Sasaki metrics by transferring the generalized metrics of π −1 (TM ) to T T M . We give the expression of such a metric and define a corresponding, canonical, metric connection with torsion whose basic ingredient is a Cartan connection similar to that of Finsler geometry [1] .
We calculate the torsion, curvature and Ricci curvature of this connection and give some applications. In Subsection 3.2, motivated by the role of generalized geometry in string theory [14] , we discuss the transfer of generalized complex and generalized Kähler structures from π −1 (TM ) to the tangent manifold T M .
Preliminaries
In this section we recall the terminology, notation and important definitions from the geometry of tangent bundles. Then, we recall basic results from generalized geometry, while transferring them to the pullback of the big tangent bundle of a given manifold to the tangent manifold.
Geometry of tangent bundles
Let M be an m-dimensional manifold M m . Then, on T M , we have local coordinates (x i , y i ) (i = 1, ..., m), where (x i ) are local coordinates on M and (y i ) are vector coordinates (velocities) with respect to the basis ∂/∂x i . The corresponding coordinate transformations arẽ
(we use the Einstein summation convention). The fibers of T M define the vertical foliation x i = const. and its tangent, vertical bundle V. We will denote by an upper index v, c vertical lifts and complete lifts, respectively, and we recall the formulas [13] 
where X = ξ i (∂/∂x i ), α = α i dx i . The formula SX = (π * X ) v (X ∈ T (T M )) defines a tensor field S ∈ End(T T M ), called the tangent structure of T M , with the properties S 2 = 0, im S = ker S = V, N S = 0, where N S is the Nijenhuis tensor
Usually, it is convenient to choose a horizontal bundle, also called a nonlinear connection, i.e., a complementary distribution H of V (T T M = H ⊕ V). A vector X ∈ T x M has a horizontal lift X h ∈ T (x,y) T M characterized by X h ∈ H (x,y) , π * X h = X. The horizontal lifts of ∂/∂x i yield a local tangent basis of T M
with the dual cotangent basis
where t j i are local functions on T M , known as the coefficients of the nonlinear connection H. By the first equality (2.3) a change of coordinatesx i =x i (x j ) impliesX i = (∂x j /∂x i )X j and, then, (2.1) implies that the coefficients of the connection change by the rulẽ
The notion of a horizontal lift has a natural extension to arbitrary tensors [13] . S| H : H → V is an isomorphism and we will denote by S ′ the tensor equal to (S| H ) −1 on V and to zero on H. The tensor fields P H = S + S ′ defines an almost paracomplex structure of T M . Definition 2.1. With a fixed choice of the horizontal bundle H, a Bott connection on T M is a linear connection ∇ that preserves the subbundles H, V and satisfies the conditions
If D is an arbitrary, linear connection, the addition of the derivatives
defines a connection ∇ D , which we call the Vrȃnceanu-Bott connection. 1 If D has no torsion, ∇ D has the torsion 8) where Z 1 , Z 2 ∈ χ(T M ) and R H is the Ehressmann curvature of the non-linear connection H. Hereafter, the use of the term "horizontal" implies the fact that a horizontal bundle has been chosen and the terms "vertical tensor", " horizontal tensor" refer to tensors on the bundles V, H, respectively. If necessary, we will look at vertical, respectively, horizontal tensors as tensors on T M by extending them by zero when evaluated on at least one horizontal, respectively, vertical argument. On the other hand, we can reflect (transfer) vertical tensors to horizontal tensors and vice-versa by S, S ′ , respectively. The reflection of τ will be denoted by τ S , if τ is horizontal, respectively, τ
Definition 2.2. A tangent metric is a (pseudo-)Riemannian metric 2 γ on T M with a non degenerate, restriction γ V , such that
If γ is a tangent metric, H = V ⊥γ is a horizontal bundle and γ V , g = γ H are a vertical, respectively horizontal, metric such that
The mapping γ → (H, g) is a bijection between tangent metrics and pairs consisting of a horizontal bundle and a horizontal metric. The metric g has the local expression
For a given horizontal bundle H, γ is a corresponding tangent metric iff H ⊥ γ V and
In particular, the horizontal metric may be a Lagrange metric g L with com-
where F is positive, positive homogeneous of degree 1, and g F 2 is positive definite, then, F (and g F 2 ) is a Finsler metric [1] . We recall that a regular Lagrangian L defines a canonical horizontal bundle H L [1, 3] .
Let γ be a tangent metric associated to a pair (H, g) and D the Levi-Civita connection of γ. The corresponding Vrȃnceanu-Bott connection ∇ D is called the canonical connection of γ.
The Cartan tensor of a horizontal metric (and of the corresponding tangent metric) is the horizontal tensor defined by
The local expression of C is
where g ij = g(X i , X j ) with X i given by (2.3). It follows that C = 0 iff g is the lift of a metric of M and C is totally symmetric iff each point has a neighborhood where g is a Lagrange metric. On the other hand, Finsler geometry suggests to introduce the Cartan connection ∇
where Z, Z ′ , Z ′′ ∈ T T M and Ψ is defined by
3 Sometimes, L itself is called a Lagrange metric
The Cartan connection preserves the horizontal and vertical subbundles, but, it is not a Bott connection. The torsion of the Cartan connection is equal to that of ∇ D for two horizontal and two vertical arguments and T
We will be interested in the vector bundles π −1 (T M ) and π −1 (TM ). The mapping
is a vector bundle isomorphism π −1 (T M ) ≈ H with the inverse defined by π * and the mapping
is a vector bundle isomorphism π −1 (TM ) ≈ H ⊕ H * . We will denote both mappings by the same symbol h.
The mapping
is an isomorphism π −1 (T M ) ≈ V with the inverse defined by π * • S ′ , and the mapping
The inverse of this isomorphism has the following local expression
where θ i is defined by (2.4). We will denote the two mappings by the same symbol v and notice the formulas 13) where X ∈ H, ν ∈ ann V, Y ∈ V, κ ∈ ann H. If T M is endowed with a tangent metric γ with the corresponding horizontal bundle H ⊥ γ V and horizontal metric g, there are other interesting isomorphisms too. We indicate the whole picture in the following commutative canonical identification diagram
where, ∀Z ∈ T T M , A Courant algebroid is a metric algebroid that also satisfies the axioms [6] :
The basic example of a Courant algebroid is the big tangent bundle TM = T M ⊕ T * M with the anchor defined by (X, α) → X. The structure group of TM has a natural reduction to O(m, m) given by the neutral metric (i.e., of signature zero) 
Furthermore, assume that M is a foliated manifold with a foliation F . For any choice of a horizontal bundle H, T M = H ⊕ T F , the bundle TM has the decomposition TM = H ⊕ TF , where
. Accordingly, the Courant bracket on M induces the following brackets on H and TF :
where Y, Y ′ ∈ T F , ν, ν ′ ∈ ann H and d ′′ is exterior differentiation along the leaves of F .
Moreover, the bundles H, TF have neutral metrics induced by g and an-
are the restrictions of the Courant algebroid operations of the big tangent bundle of the sum of the leaves of F to sections that are differentiable with respect to the original C ∞ -structure of M . Therefore, these operations make TF into a Courant algebroid. On the other hand, the metric property (2.15) of the classical Courant bracket implies the same property for (g|
. On a manifold M , generalized geometric structures are defined by reducing the structure group O(m, m) of the big tangent bundle TM to a subgroup and integrability is defined by Courant bracket conditions (instead of Lie bracket conditions). The most studied were the generalized complex structures, alone and in conjunction with generalized Riemannian metrics and generalized Kähler metrics [5] . These structures also have applications in string theory [14] . Below, we present similar structures on the vector bundle π −1 (TM ) → T M . In other words, we refer to velocity dependent generalized (v.d.g.) geometry.
, which has a non degenerate restriction to π −1 (T * M ) and satisfies the g-compatibility condition
We shall briefly recall the following basic result [5] (see also [11] ), which also allows us to establish more of the required terminology.
Proposition 2.1. The v.d.g. metrics are in a bijective correspondence with pairs (σ, ψ) where σ is a non degenerate metric on π −1 (T M ) and ψ is a 2-form,
The symmetry of G and condition (2.19) may be written as
Therefore, H is a product structure on the bundle π −1 (TM ) and π −1 (TM ) = V + ⊕ V − where the terms are the ±1-eigenbundles of H. Furthermore, it was proven in [11] that the non-degeneracy of
Thus, we see that there exists a bijective correspondence between v.d.g. metrics G and the (necessarily para-complex) structures H that satisfy (2.21) and the condition π −1 (T * M ) ∩ V ± = 0. Such a structure H may be represented under the following matrix form
where the index t denotes transposition and:
) and the three tensors satisfy the equalities
This shows that the v.d.g. metrics correspond bijectively to the pairs (σ, Q) and, if we define the form ψ by the condition ♭ ψ = −♭ σ • Q, we are done.
A connection D on π −1 (TM ) is a paracomplex connection if it commutes with the paracomplex structure H. There exists a bijective correspondence between paracomplex connections D and pairs of connections (D
. Indeed, D is paracomplex iff the parallel translations preserve the subbundles V ± . This is equivalent with the requirement that D be of the form
where D ± is the required pair. Formula (2.24) implies the same relation for curvature, i.e.,
Furthermore, a connection D on π −1 (TM ) is a double metric connection if parallel translations preserve the metrics g and G, and there exists a bijective correspondence between double metric connections D on π −1 (TM ) and pairs (D + , D − ) of σ-preserving connections on π −1 (T M ). Indeed, the connection D preserves the pair of metrics (g, G) iff it preserves the subbundles V ± and their metrics (ι
Hence, D is a paracomplex connection of the form (2.24) and connections D ± must preserve the metric σ.
J may be represented by
where Then, we may define vertical integrability of the structure J by the vanishing of the vertical Courant-Nijenhuis torsion, constructed with the vertical Courant bracket. This is not very interesting since it reduces to the usual case along the sum of the vertical leaves with the supplementary requirement that differentiability be with respect to the original differential structure of M .
Example 2.1. Let J be a generalized almost complex structure of the manifold M , which has the corresponding matrix representation (2.26) with entries F ∈ End T M, π ∈ Γ ∧ 2 T M, ̟ ∈ Ω 2 (M ). Define corresponding vertical tensors
where the index v denotes vertical lift and S ′ is defined using an arbitrary horizontal bundle. The result is the vertical version of a v.d.g. almost complex structure J since the required algebraic conditions for A, w, b follow from the corresponding conditions for F, π, ̟. This structure J is the vertical lift of J. Using the fact that the local components of A, w, b with respect to the basis ∂/∂y i depend only on x, it is easy to check that J is always vertically integrable even if J is not integrable on M . Example 2.2. Let (G, J) be a generalized almost Hermitian structure on M and let h be the almost-paracomplex structure that corresponds to G. We may define the vertical lift of h as we did for J in Example 2.1 and get a vertical generalized metric G. We also have the vertically integrable lift J of J. The algebraic relations satisfied by G, J hold G, J too, and the complementary structure J ′ will be the vertical lift of J c . By the conclusion of Example 2.1, J ′ is vertically integrable too and (G, J ) is a vertical, generalized Kähler structure.
Generalized metrics on tangent manifolds
Velocity dependent generalized structures become of interest for the geometry of tangent manifolds if they are transferred to T T M by the intermediary of H = H ⊕ H * .
Generalized Sasaki metrics
Let G be a v.d.g. (pseudo-)Riemannian metric on M , associated with the paracomplex structure H represented by (2.22). Then, h sends the related tensors G, σ, ψ, β, Q of Section 2.2 to horizontal tensors, which we will denote by the same symbols. The pair (H, σ) produces a subordinated tangent metric γ on T M , which, in turn, yields a canonical identification i.
Proof. Using formula (2.14), it follows that the metric g| H defined by (2.17) transfers to the metric
where Z, Z ′ ∈ T T M . (This metric is compatible with the almost paracomplex structure F defined by F | H = Id, F | V = −Id, i.e., (g, F ) is an almost paraHermitian structure.)
From the relations (2.23) we get
Then, using (2.14) again, we see that the identification i defined by γ sends H to the almost paracomplex structure of T M given by
Now, the required result follows from (3.4) and (2.20).
Proposition 3.2. A generalized Sasaki metric is equivalent with a pair (γ, Φ)
where γ is a tangent metric, Φ is a γ-symmetric endomorphism of
Proof. For a generalized Sasaki metric, formula (3.2) and the definition P H = S + S ′ imply the equivalence between the first equality (2.21) and the equality
This shows that the generalized Sasaki metrics are in a bijective correspondence with pairs (γ, H) where γ is a tangent metric, H is an almost product structure and (3.5) holds. Therefore, if we take Φ = P H • H, the required conclusion follows because P 2 H = Id.
Notice also the following consequence of formulas (3.2), (2.20) and (2.9):
If ψ = 0, we have Q = 0, H = P H , Φ = Id. Furthermore, if σ is defined by a metric of M and if H is the horizontal bundle of the Levi-Civita connection of σ, then, (3.1) is half the usual Sasaki metric.
If G is a generalized Sasaki metric and H is the corresponding para-Hermitian structure, the pair (G, H) is a (pseudo-)Riemannian almost para-complex-product structure, i.e., it satisfies the condition G(HZ, Z ′ ) = G(Z, HZ ′ ) and H is almost para-complex. We will consider linear connections of T M that preserve the structure (G, H). Since this is equivalent with the preservation of (G, g H ), the connections are double metric connections. 
Then, i transfers the connection D to the following linear connection of the manifold
Proof. The pair D ± was defined in Section 2.2. Calculating the mapping i•h•ι ± we get the horizontal version of ι ± :
If we solve (3.7) for X , SX , calculate D Z with (2.24) and use again (3.7) for the results, we get (3.6).
If D + = D − , λ = 0 and the connection D preserves the vertical bundle. In the definition below we introduce the simplest canonical double metric connection.
Definition 3.2. The double metric connection defined by the pair
where ∇ C is the Cartan connection (2.11), will be called the double metric Cartan connection and it will be denoted by D C .
Using formulas (3.6) and (2.11), we get
where X , X ′ ∈ H, Y, Y ′ ∈ V. Following are the results of the standard computation of the torsion and curvature of connection D C and some consequences. From (3.8) and (2.8), we get 
If S ′ Y, S ′ Y ′ are projectable, the first two terms vanish and so does the third, since the vanishing of the Nijenhuis tensor (2.2) of S yields
(S is applied to a vertical field). Formulas (3.9) lead to an expression of the Levi-Civita connection D G of a generalized Sasaki metric G:
where Z, Z ′ ∈ T T M and Ξ is defined by
(Check that the connection defined by the right hand side of (3.10) preserves G and has no torsion.) In view of (2.25), the calculations that gave formulas (3.6) hold for the curvature operator too and we get
We may also express R D C by means of R ∇ D , where ∇ D is the canonical connection of the subordinated tangent metric γ by using the known relation between the curvature of two connections, which is
12) The full expression of (3.12) occurs if Z, Z ′ ∈ V, Z ′′ ∈ H. In the other cases, if we denote by X , Y horizontal and vertical arguments, respectively, since Ψ vanishes unless its arguments are (Y, X ), we have
In all the cases, the difference between the two curvatures is horizontal. 
where
With the torsion formulas (3.14), we see that T D C (X , X ′ ) = 0 iff H is integrable. We claim that H is integrable iff M is a locally affine manifold and H is the horizontal bundle associated with the natural, flat, torsionless linear connection of the affine structure of M . Indeed, if M, H are as indicated and if (x i ) are local affine coordinates on M , then, we have X i = ∂/∂x i , therefore, H is integrable. Conversely, if H is integrable, T M has an atlas of local coordinates (
Consequently, the local system of equations u i = const. is equivalent to x i = const. and u i are lifts of local coordinates of M with coordinate transformations of the local formũ i =ũ i (u j ). With respect to the coordinates (u i ,u i ) of T M , whereu i are vector coordinates on M with respect to the tangent basis ∂/∂u i , the coefficients t j i of the nonlinear connection H given by (2.3) vanish. But, the transformation rule (2.5) tells us that we can have t
Therefore, if H is integrable, M has a locally affine structure with the local, affine coordinates (u i ) and H is the horizontal bundle of the corresponding flat, torsionless linear connection.
Finally, for T D C (X , Y) = 0, it suffices to take X = ∂/∂u i , Y = ∂/∂u j . Then, by (3.14), the condition reduces to ∇ For another application, we refer to the Einstein-Cartan version of relativity theory [7] . A differentiable manifold N endowed with a (pseudo-)Riemannian metric g and a g-metric connection ∇ with torsion will be called an EinsteinCartan space, and the metric is an Einstein-Cartan metric, if it satisfies the following Einstein-Cartan equation, which is a particular case of the symmetrized Einstein-Cartan-Sciama-Kibble equation (23) of [7] Ric ∇ (Z,
In (3.15), Ric ∇ denotes the (not necessarily symmetric) Ricci curvature of the connection ∇. We calculate the Ricci tensor of the double metric Cartan connection of a generalized Sasaki metrics G under the supplementary hypothesis that the horizontal tensor β is non degenerate. By (3.3), this condition is equivalent to rank(Id − Q 2 ) = m, therefore to the fact that Q 2 does not have the eigenvalue 1. From (2.23) and (3.3) we get
hence, if σ is positive definite, β is non degenerate and positive definite too.
Then, there are local, horizontal, β-(pseudo-)orthonormal bases (E 
The Ricci tensor is the trace of the curvature operator, therefore,
Furthermore, with (3.11), we get 
where D σ is the Levi-Civita connection of the projection of σ to M (check from the definitions or see the local calculations of [8] ). Then, formulas (3.16) yield 
But the third equality (3.17) shows that Ric D C (X ′ , X ) is symmetric, hence, the Einstein-Cartan condition holds iff Ric D C (X ′ , X ) = 0, equivalently, pr M σ is Ricci flat. The converse, i.e., that Ric D C = 0 implies (3.15), is obvious; we just have to take λ = 0. 
where X , X ′ ∈ H and the horizontal metric bracket (2.18) is transferred to T T M by i, i.e.,
We check thatD gH is a connection by using property (2.16) and the fact that V ± are g H -orthogonal. Now, if we take the connection
On the other hand, sincẽ D gH preserves the subbundles V ± , we have
This shows that the connection D gH,G also preserves V ± , hence, it commutes with H and it is a double metric connection.
Generalized Sasaki-Kähler metrics
Now, we are going to relate the metrics with generalized complex structures. The motivation for the material considered in this section is the string theory significance of generalized complex and Kähler structures on the big tangent bundle TM , e.g., [14] . One may hope that similar structures on the bundle π −1 TM and the corresponding transferred structures to T T M will retain some of that significance.
Let J be a v.d.g. almost complex structure, represented by the matrix (2.26) where the entries are seen as horizontal tensors, and let G be a generalized Sasaki metric. By the canonical identification i defined by the subordinated, tangent metric γ of G, J goes to iJ i −1 Z where i −1 is given by (2.14) and i(X , α) = X + S♯ γ α (X ∈ H, α ∈ ann V). The result is the following almost complex structure on T M , which we continue to denote by J :
The structure J satisfies the g H -compatibility condition
Conversely, any almost complex structure J of T M that satisfies (3.19) may be identified with a v.d.g. almost complex structure J . Formula (3.18) suggests the following entries of the matrix (2.26) of the required structure J
The endomorphism of π −1 (TM ) defined by the proposed matrix transfers to
where last term is a vertical vector Θ. If we calculate γ(Θ, Y) for Y ∈ V and use the properties of γ, S, S ′ and the compatibility relation (3.20), we deduce Θ = pr V Jpr V Z. Therefore, the total result is exactly JZ and we are done.
Since g H is a neutral metric, the almost complex structures of T M that satisfy condition (3.19) will be called neutral almost complex structures. Furthermore, if the pair (G, J ) is a v.d.g. almost Hermitian structure, the almost complex structure (3.18) is compatible with the generalized Sasakian metric G and (G, J ) is a generalized, Sasakian, almost Hermitian structure.
We shall transfer the integrability condition of the v.d.g. structure J to the corresponding neutral structure (3.18). Definition 3.3. A neutral almost complex structure J is horizontally integrable, and the word "almost" is dropped, if the ±i-eigenbundles of J are closed under the horizontal, metric bracket [ , ] H (extended by complex linearity).
Proposition 3.6. The neutral almost complex structure J is integrable iff one of the following equivalent conditions is satisfied:
where Z, Z ′ ∈ χ(T M ) and the symbol N is used to remind the Nijenhuis tensor. In (ii), the index C stays for the usual Courant brackets on T M and, taking into account the decomposition
Proof. Obviously,J 2 = −Id. On the other hand, for the neutral metric g of TT M we have g = g| H + g| TV and (2.13) shows that h • v −1 transfers the metric g| TV into g| H . Then, since J is compatible with g H , it follows thatJ is compatible with g, hence,J is a generalized almost complex structure on TT M and N C J is its Courant-Nijenhuis torsion [5] . The equivalence between horizontal integrability of J and (i) follows by evaluating the horizontal Courant-Nijenhuis torsion N H J on pairs of ±i-eigenvectors. The equivalence between (i) and (ii) follows from the fact that the Courant bracket on TT M is the sum of the horizontal and the vertical brackets.
The horizontal integrability conditions may be expressed in terms of the entries of the matrix (2.26).
Proposition 3.7. The horizontal almost complex structure J of (3.18) is integrable iff it satisfies the conditions
where R is the Schouten concomitant, the calculus operations are on T M and the arguments are horizontal.
Proof. We recall the definition of the Schouten concomitant [9] :
In [4] , during the proof of Proposition 2.2, it was shown that, on any manifold M , a generalized almost complex structureJ ∈ End(TM ) represented by a matrix ( For the structureJ defined in Proposition 3.6 the manifold is T M and the tensor fields of (3.22) areÃ = A⊕A ′ ,w = w⊕w ′ ,b = b⊕b ′ . The sum corresponds to T T M = H ⊕ V and the prime denotes the transfer from horizontal to vertical by h • v −1 . The resulting formulas together with (ii), Proposition 3.6, yield the integrability conditions (3.21). Example 3.2. A generalized almost complex structure J on M has a horizontal lift, which defines a neutral almost complex structure J h on T M . Since J h is projectable to M , the local coordinate expression of the integrability conditions (3.21) of J h is the same as that of the integrability conditions of J on M . Hence, J h is horizontally integrable iff J is integrable. where X, X ′ ∈ H andJ = J ⊕ (SJS ′ ) with ⊕ referring to the decomposition T T M = H ⊕ V. As in the usual case, condition (3.23) is equivalent with the fact that the ±i-eigenbundles E ± of J are closed with respect to the horizontal projection of the Lie bracket. If J is projectable, this means that J is a transversal complex structure of the foliation V. If J = j h + (α i y i )f h , where j is an almost complex structure on M , f is a 2-nilpotent endomorphism of T M that anticommutes with j and α ∈ Ω 1 (M ), then, J 2 = −Id and the horizontal integrability condition is equivalent to the system of conditions
Example 3.4. A v.d. horizontally symplectic structure is a horizontal, nondegenerate 2-form ω such that d ′ ω = 0. As in usual generalized geometry [5] , the matrix (2.26) with A = 0, b = ω, w = ω −1 defines a v.d.g. structure J that is horizontally integrable.
Finally, we may give the following definition. 
